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Abstract. Sufficient conditions are established for Hadwiger's Conjecture to be valid in the 
case r = 5. 
In this paper, we are concerned with vertex colorings, i.e., assign- 
ments of integers to the vertices of a graph. 
We recall Hadwiger's Conjecture. 
Hadwiger's Conjecture. I f G is a graph with chromatic number  r then G 
is contractible to K r. 
Hadwiger's Conjecture is known to be true for r less than five. In the 
case of r = 5, it is equivalent to the Four Color Conjecture. 
Theorem. Suppose G is a graph with chromatic number  f ive and critical 
vertex V 5 . Further  suppose that there is a four  coloring o f  G-V  5 with 
the property that the color 4 is assigned to exact ly one vertex among 
those vertices o f  G that have distance f rom V 5 less than or equal to two. 
Then G is contractible to K 5 . 
The remainder of the paper shall be devoted to proving this theorem. 
We fix a five coloring of G by extending the hypothesized four coloring 
of G-V  5 by coloring V 5 the color 5. We note that the color 4 must be 
used to color exactly one vertex adjacent to V s and no vertex of dis- 
tance two from V s . If not, it is clear that G could be four-colored by 
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assigning V 5 the color 4. Assume that V 4 is the vertex adjacent o V 5 
that is colored 4. 
With the fixed five coloring of  G for i = 1, 2, 3, we define C i to be 
the set o f  vertices in G that are assigned the color i and are adjacent o 
both [/'4 and V s . 
Lemma. C i ~ 0 fo r  i = 1,2,  3. 
Proof  of  the Lemma. Suppose C 1 = 0- Interchange colors in the compo-  
nent of  the (1,5) subgraph of  G containing V 5 . We claim that no vertex 
in G that is now colored 5 is adjacent o any vertex in G colored 4. Sup- 
pose that u is a vertex in G that is now colored 5. I f  u is adjacent o V 4 , 
then it must have originally been colored 1 and adjacent o both  V 4 
and V 5 thus an element of  C 1 . However, u cannot be adjacent o any 
vertex other  than V 4 that is colored 4. I f  it were, then the vertex that it 
is adjacent o that which is colored 4 must be of  distance two from V 5 
and this violates the hypothesis of  the theorem. Thus, since no vertex 
in G that is now colored 5 is adjacent o any vertex colored 4, we can 
four-color G by interchanging colors in the components  of  the (4,5) 
subgraph of  G that contain vertices colored 5. 
We now cont inue with the proo f  o f  the theorem. Pick a vertex from 
C 1 , say V 1 . With the fixed five coloring and vertex V 1 we define Bi, 
i = 2, 3, to be the set o f  all vertices in G that are colored i and in the 
same component  o f  the (1, i) subgraph of  G containing V 1 . 
Case 1. Either B 2 A C 2 = ~ or B 3 (3 C 3 = ~). Suppose B 2 N C 2 = g). 
Interchange colors in the component  of  the (1,2) subgraph o f  G con- 
taining V 1 . Since every vertex in B 2 cannot be adjacent o both  V 4 and 
I15, we have a new coloring of  G that satisfies the initial hypothesis of  
the theorem and fewer elements in C 1 . We can cont inue this gambit 
until either C 1 = ~ which implies G is really four colorable or unti l  
B 2 nC 2 :~oandB 3 nC 3 ~0.  
Case 2. Suppose V 2 is inB  2 n C 2 and V 3 is inB  3 n C 3. See Fig. 1. 
If  there is a (2,3) chain connect ing V2 with V3, then G is clearly con- 
tractible to K 5 . If  V 2 and V 3 are not in the same component  of  the 
(2,3) subgraph, interchange colors in the component  of  the (2,3) sub- 
graph of  G that contains V 3 . We claim, either this decreases the cardinal- 
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i ty o f  B 3 n C3, or G is contract ib le to K 5 . Suppose the vertex u is in the 
B 3 A C 3 after the above interchange but was not  before. Then u must  
be adjacent o V 4 and V 5 and must  be connected to V 3 by a (2,3) path. 
Fur thermore ,  after the interchange, u is connected with V 1 by a (1,3) 
path. This path cannot  be incident with V 3 . Herewith,  one obtains 
three paths being contract ib le to a K 3 with the vertices u, V 1 and V 3 , 
namely,  the above (1,3) and (2,3) paths (the first path  taken f rom V 1 
to its first cutpoint  with the second path) together  with the (1,3) path  
connect ing V 1 with V 3 before the interchange. Hence G is contract ib le 
to K 5 . Since either G is contract ib le to K 5 or the cardinal ity o f  
B 3 n C 3 is reduced, we proceed as follows. Assuming G is not  contract-  
ible to K5, we can force B 3 n C 3 = 0 which puts us back into Case 1, 
where either G is contract ibe to K 5 or the cardinal ity of  C 1 is reduced. 
Hence G must  be contract ible to K 5 . 
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